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Brain	Sciences

Seek	to	understand	how	neural	activity	produces	behavior.	
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Brain	Sciences

Fascinating:	
		-	our	brains	deOine	us	
		-	brains	are	information	processors	
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Brain	Sciences

~1011	

~1014	
cells

connections

Fascinating:	
		-	our	brains	deOine	us	
		-	brains	are	information	processors	
		-	daunting	complexity	
		-	inspiring	progress
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Social	need	for	advances	in	brain	sciences
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Social	need	for	advances	in	brain	sciences

Psychiatric	disorders	
		depression,	anxiety,	schizophrenia,	ADHD,	autism,	…	
Neurological	disorders	
		Alzheimer’s,	epilepsy,	stroke,	Parkinson’s,	ALS,	…	
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Social	need	for	advances	in	brain	sciences

Psychiatric	disorders	
		depression,	anxiety,	schizophrenia,	ADHD,	autism,	…	
Neurological	disorders	
		Alzheimer’s,	epilepsy,	stroke,	Parkinson’s,	ALS,	…	
Other	disorders	
		drug	and	alcohol	addiction,	insomnia,	chronic	pain,	…
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many	treatments,	substantial	knowledge	
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many	treatments,	substantial	knowledge	
	…	yet	no	detailed	understanding
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U.S.	BRAIN	initiative
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U.S.	BRAIN	initiative

-	new	data	collection	technologies	
-	large	sets	of	data
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																																				OUTLINE	

-	Comments	on	statistics	and	machine	learning	
-	Brain	sciences	and	neural	recordings	
-	Examples	from	studies	of	memory	(hippocampus)	
							illustrations	of	“statistical	paradigm”	
-	The	big	problem:	dynamic	network	analysis
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Roni	Rosenfeld	(2005,	paraphrase):		“I’ve	Oigured	out	the	difference	
between	statisticians	and	computer	scientists:		

			statisticians	attack	problems	with	10	parameters		
			and	try	to	get	it	right;		

			computer	scientists	attack	problems	with	10	million	parameters	
			and	try	to	get	an	answer.”	

			 these	days	we	all	attack		
high-dimensional	problems	
and	try	to	get	it	right
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ML = Statistics \ Computer Science
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ML = Statistics \ Computer Science

but	Stats	and	CS	emphases	can	be	different
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Era	of	pragmatism:	values	doing,	producing,	improving	

statistical	approach	tends	to	be	more	deliberate,		
emphasizes	properties	of	models	and	methods	

										in	this	sense,	mathematical	science
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Era	of	pragmatism:	values	doing,	producing,	improving	

statistical	approach	tends	to	be	more	deliberate,		
emphasizes	properties	of	models	and	methods	

										in	this	sense,	mathematical	science

David	Blackwell	(1986,	paraphrase),	“I	never	wanted	to	do		
research,	I	just	wanted	to	understand.	But	sometimes,		
in	order	to	understand,	you	have	to	do	research.”
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Chapter 4 - Brain mapping: A conceptual overview 11

Figure 4.4. (Top) A single slice of the brain contains some areas with a true effect, shown in blue. We observe a
mixture of the true effects (signal) plus random noise, in red here. Statistical test are used to infer which voxels
show true effects. (Bottom) Three common data types that go into such maps: task-related group analyses that
compare a task of interest to a control task; brain-behavior correlations; and the average accuracy in predicting
a stimulus category or behavior from each voxel’s local multivariate patterns of brain activity.

Importantly, this noise is non-zero even averaged across the observed data, so we need to first
separate it from the signal and then decide which areas really show the effect. We do this with
a statistical test which compares each voxel’s observed effect with its noise level (i.e. signal/noise).
Common statistics, which include T-scores, F-values, and Z-scores, are all examples of such signal-
to-noise ratios. We then compare the resulting statistic value with an assumed distribution to obtain
each voxel’s p-value. The p-value reflects the probability of observing a statistic value (e.g. a T-
score) as or more extreme then that actually observed under the null hypothesis - that is, if there is
no true effect. The lower the P-value is, the less likely that we believe the null hypothesis is true.
We compare p-values with a fixed value to threshold the map and to infer which voxels show true
effects. Because of the many possible tests, researchers often set a very high bar for significance (i.e.
low p-values) by correcting for multiple comparisons.

Whenwe use standard statistic values like T-scores and compare themwith their canonical, assumed
distributions, we are using parametric statistics. When we use the data itself to estimate the null

Lindquist	and	Wager	(2015)	Principles	of	fMRI
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my	research	has	focused	mostly	on	
analysis	of	neural	spike	train	data



quick	review	of	relevant	neuroscience	background	…
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from	Gazzaniga,	Ivry,	Mangun,		
Cognitive	Neuroscience
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each neuron is connected to many others through synapses, with the totality forming a

large network. We discuss both mechanistic models formulated with di↵erential equations

and statistical models for data analysis, which use probability to describe variation. Mecha-

nistic and statistical approaches are complementary, but their starting points are di↵erent,

and their models have tended to incorporate di↵erent details. Mechanistic models aim to

explain the dynamic evolution of neural activity based on hypotheses about the properties

governing the dynamics. Statistical models aim to assess major drivers of neural activity by

taking account of indeterminate sources of variability labeled as noise. These approaches

have evolved separately, but are now being drawn together. For example, neurons can

be either excitatory, causing depolarizing responses at downstream (post-synaptic) neurons

(i.e., responses that push the voltage toward the firing threshold, as illustrated in Figure 1),

or inhibitory, causing hyperpolarizing post-synaptic responses (that push the voltage away

from threshold). This detail has been crucial for mechanistic models but, until relatively

recently, has been largely ignored in statistical models. On the other hand, during experi-

ments, neural activity changes while an animal reacts to a stimulus or produces a behavior.

This kind of non-stationarity has been seen as a fundamental challenge in the statistical

work we review here, while mechanistic approaches have tended to emphasize emergent

behavior of the system. In current research, as the two perspectives are being combined

increasingly often, the distinction has become blurred. Our purpose in this review is to

provide a succinct summary of key ideas in both approaches, together with pointers to the

literature, while emphasizing their scientific interactions. We introduce the subject with

some historical background, and in subsequent sections describe mechanistic and statistical

models of the activity of individual neurons and networks of neurons. We also highlight

several domains where the two approaches have had fruitful interaction.

Figure 1

Action potential and spike trains. The left panel shows the voltage drop recorded across a
neuron’s cell membrane. The voltage fluctuates stochastically, but tends to drift upward, and
when it rises to a threshold level (dashed line) the neuron fires an action potential, after which it
returns to a resting state; the neuron then responds to inputs that will again make its voltage
drift upward toward the threshold. This is often modeled as drifting Brownian motion that results
from excitatory and inhibitory Poisson process inputs (Tuckwell 1988; Gerstein and Mandelbrot
1964). The right panel shows spike trains recorded from 4 neurons repeatedly across 3
experimental trials. The spike times are irregular within trials, and there is substantial variation
across trials, and across neurons.

4 Kass et al.

action	potential	(spike)

takes	place	over	approx.	1	millisecond	(ms)
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Look here!
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spike	train
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modeled	as	a	point	process



How	do	neurons	carry	information?		
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How	do	neurons	carry	information?		

Simplest	(“textbook”)	answer:		
					
						response	to	stimulus						—>				increase	in	Oiring	rate	
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response	to	stimulus	
—>	increase	in	Oiring	rate

illustration:		
single	neuron	in	
primary	visual	cortex	(V1)

One end of the spectrum… 

Single-electrode recordings 

Pro: single-neuron resolution 

Con: can only monitor one (or 
a small number of) neurons at 
a time   

from	Gazzaniga,	Ivry,	Mangun,		
Cognitive	Neuroscience
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Source: Henry et al.

Kass Neural Coding

oriented	bar	of	light	—	Oiring	rate	of	V1	neuron

“orientation	tuning”
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One end of the spectrum… 

Single-electrode recordings 

Pro: single-neuron resolution 

Con: can only monitor one (or 
a small number of) neurons at 
a time   

single	electrode
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One end of the spectrum… 

Single-electrode recordings 

Pro: single-neuron resolution 

Con: can only monitor one (or 
a small number of) neurons at 
a time   

single	electrode

current	capabilities:		
multi-electrode	recordings
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One end of the spectrum… 

Single-electrode recordings 

Pro: single-neuron resolution 

Con: can only monitor one (or 
a small number of) neurons at 
a time   
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Pro: single-neuron resolution 
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a small number of) neurons at 
a time   
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machine	learning	
(continuing	work)



0 100 200 300 400 500
−100

−50

0

50

100
Local Field Potential

−50

0

50

100

-100

Action Potentials

Raw electrode recordings

A B

C

Time (ms)

Vo
lta

ge
 (m

V)
Vo

lta
ge

 (m
V)

0 20 40 60 80 100 120 140
Time (s)

0 0.4 0.8 1.2Time (ms)

LFP	==	Local	Field	Potential	

 60



0 100 200 300 400 500
−100

−50

0

50

100
Local Field Potential

−50

0

50

100

-100

Action Potentials

Raw electrode recordings

A B

C

Time (ms)

Vo
lta

ge
 (m

V)
Vo

lta
ge

 (m
V)

0 20 40 60 80 100 120 140
Time (s)

0 0.4 0.8 1.2Time (ms)

 61

will	return	to	LFP	later

LFP	==	Local	Field	Potential	



V1	data
Ryan	Kelly	
Matt	Smith

128	neurons
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V1	data
Ryan	Kelly	
Matt	Smith

128	neurons
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Schnitzer	lab	(Stanford)

one-photon	endoscopic	calcium	imaging	
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Original	Image Post-Processed	Image

from	my	former	PhD	student	Pengcheng	Zhou	
working	with	Liam	Paninski	(Columbia	U.)

Zhou, P., Resendez, S.L., Rodriguez-Romaguera, J., Stuber, G.D., Jimenez, J.C., Hen, R., 
Keirbek, M.A., Neufeld, S.Q., Sabatini, B.L., Kass, R.E., and Paninski, L. (2017, eLife)
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• Searchable data from hundreds of two-
photon calcium imaging sessions across 
multiple visual areas and depths in the 
visual cortex
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• Searchable data from hundreds of two-
photon calcium imaging sessions across 
multiple visual areas and depths in the 
visual cortex
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Neuropixel



																																				OUTLINE	

-	Comments	on	statistics	and	machine	learning	
-	Brain	sciences	and	neural	recordings	
-	Examples	from	studies	of	memory	(hippocampus)	
-	The	big	problem:	dynamic	network	analysis
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How	are	memories	consolidated?	
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Hippocampus	is	necessary	for	long-term	memory	storage.
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Hippocampus	is	necessary	for	long-term	memory	storage.
Milner’s	studies	of	patient	H.M.	
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Memory	consolidation	over	time
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neurons	in		
hippocampus	
send	signals	to,	
and	strengthen		
connections	with,	
other	brain	areas	
during	replay

Memory	consolidation	over	time
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neurons	in		
hippocampus	
send	signals	to,	
and	strengthen		
connections	with,	
other	brain	areas	
during	replay

Memory	consolidation	over	time

PFC	=	prefrontal	cortex
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neurons	in		
hippocampus	
send	signals	to,	
and	strengthen		
connections	with,	
other	brain	areas	
during	replay

Memory	consolidation	over	time
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14.2 Nonlinear Regression 411

Fig. 14.4 Spiking activity of a rat Hippocampal place cell during a free-foraging task in a circular
environment. Left Visualization of animal’s path and locations of spikes. Right Place field model
for this neuron, with parameters fit by the method of maximum likelihood.

based on a 2-dimensional bell-shaped curve. For this purpose of specifying the de-
pendence of spiking activity on location a normal pdf may be used. Let us take
Yt ∼ P(λt), with t signifying time, and then define

λt = exp

!

α− 1
2

"
x(t)− µx y(t) − µy

# $
σ2

x σxy
σxy σ2

y

%−1 $
x(t)− µx
y(t)− µy

%&

. (14.21)

The explanatory variables in this model are x(t) and y(t), the animal’s x and
y-position. The model parameters are (α,µx,µy,σ2

x ,σ
2
y ,σxy), where (µx,µy) is the

center of the place field, expα is the maximum firing intensity at that point, and σ2
x ,

σ2
y , and σxy express how the intensity drops off away from the center. Note that it is

the shape of the place field that is assumed normal, not the distribution of the spiking
activity. The right panel of Fig. 14.4 displays a fit of the place field to the data in the
left panel. We will discuss models of this sort when we discuss point processes in
Chapter 19. !

14.2.3 In solving nonlinear optimization problems, good starting
values are important, and it can be helpful to
reparameterize.

As in maximization of any likelihood, use of the numerical procedures requires care.
Two important issues are the choice of initial values, and of parameterization. Both
of these may be illustrated with the exponential model (14.15).

Illustration: Exponential regression To fit the exponential model (14.15) a first
step is to reparameterized from θ to ω using ω1 = log(θ1) and ω2 = θ2 so that the
expected values have the form

“place”	Oield	for	1	neuron	in	hippocampus

from	KEB
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replay	of	spiking	patterns	for	memory	consolidation
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replay	of	spiking	patterns	for	memory	consolidation

slide	from	Uri	Eden
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replay	of	spiking	patterns	for	memory	consolidation
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replay	of	spiking	patterns	for	memory	consolidation
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replay	of	spiking	patterns	for	memory	consolidation
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replay	of	spiking	patterns	for	memory	consolidation
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replay	of	spiking	patterns	for	memory	consolidation
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replay	of	spiking	patterns	for	memory	consolidation

To	investigate	such	phenomena,	
how	should	we	deOine	“replay”?
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hippocampal	replay	for	memory	consolidation

pattern	is	not	exactly	replayed,	but	rather	probabilistically	
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hippocampal	replay	for	memory	consolidation

pattern	is	not	exactly	replayed,	but	rather	probabilistically	

	

 88

—>	point	process	regression



discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series
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discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series
Poisson	process

P (spike in (t, t+ �)) ⇡ � · �
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discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series
Poisson	process

P (spike in (t, t+ �)) ⇡ � · �

																																																																					intensity
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discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series

P (spike in (t, t+ �)) ⇡ �(t) · �
Poisson	process

																																																																					intensity
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discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series

P (spike in (t, t+ �)) ⇡ �(t) · �
Poisson	process

																																																																					intensity

		intensity	==	theoretical	Piring	rate
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discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series

P (spike in (t, t+ �)) ⇡ �(t) · �
Poisson	process

	get	pdf	of	spike	train	in	terms	of	intensity
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discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series

P (spike in (t, t+ �)) ⇡ �(t) · �
Poisson	process

	get	pdf	of	spike	train	in	terms	of	intensity
gives	likelihood	function,	Pit	with	Poisson	regression	

(Generalized	Linear	Model)
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

intensity	does	not	depend	on	previous	spike	times	
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

intensity	does	not	depend	on	previous	spike	times	
“memoryless”	
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process vector
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process vector

xt may include past spike times
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process vector

xt may include past spike times
or any other variables that a↵ect firing rate
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

	get	pdf	of	spike	train	in	terms	of	intensity
gives	likelihood	function,	Pit	with	Poisson	regression	

(Generalized	Linear	Model)
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P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process

gives	likelihood	function,	Pit	with	Poisson	regression	
(Generalized	Linear	Model)

	get	pdf	of	spike	train	in	terms	of	intensity
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P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process

“point	process	regression”	
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P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process

log �(t|xt) = f(xt)

“point	process	regression	model”	
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P (spike in (t, t + �)|xt) ⇡ �(t|xt) · �

general	point	process

log �(t|xt) = f(xt)

“point	process	regression	model”	
implemented	with	modern	regression	technology	

(GLM,	nonparametric	regression,	penalized	regression,	etc.)	
(also:	state-space	models)
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statistical	model	of	spike	train:

“point	process	regression	model”	
implemented	with	modern	regression	technology	

14.2 Nonlinear Regression 411

Fig. 14.4 Spiking activity of a rat Hippocampal place cell during a free-foraging task in a circular
environment. Left Visualization of animal’s path and locations of spikes. Right Place field model
for this neuron, with parameters fit by the method of maximum likelihood.

based on a 2-dimensional bell-shaped curve. For this purpose of specifying the de-
pendence of spiking activity on location a normal pdf may be used. Let us take
Yt ∼ P(λt), with t signifying time, and then define

λt = exp

!

α− 1
2

"
x(t)− µx y(t) − µy

# $
σ2

x σxy
σxy σ2

y

%−1 $
x(t)− µx
y(t)− µy

%&

. (14.21)

The explanatory variables in this model are x(t) and y(t), the animal’s x and
y-position. The model parameters are (α,µx,µy,σ2

x ,σ
2
y ,σxy), where (µx,µy) is the

center of the place field, expα is the maximum firing intensity at that point, and σ2
x ,

σ2
y , and σxy express how the intensity drops off away from the center. Note that it is

the shape of the place field that is assumed normal, not the distribution of the spiking
activity. The right panel of Fig. 14.4 displays a fit of the place field to the data in the
left panel. We will discuss models of this sort when we discuss point processes in
Chapter 19. !

14.2.3 In solving nonlinear optimization problems, good starting
values are important, and it can be helpful to
reparameterize.

As in maximization of any likelihood, use of the numerical procedures requires care.
Two important issues are the choice of initial values, and of parameterization. Both
of these may be illustrated with the exponential model (14.15).

Illustration: Exponential regression To fit the exponential model (14.15) a first
step is to reparameterized from θ to ω using ω1 = log(θ1) and ω2 = θ2 so that the
expected values have the form
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hippocampal	replay	for	memory	consolidation

pattern	is	not	exactly	replayed,	but	rather	probabilistically	

	straightforward	modeling	within	statistical	paradigm	
	 —>	point	process	regression	

Deng,	Liu,	Karlsson,	Frank,	Eden	(2016,	J.	Neurophysiol.)
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second	example
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Two	appealing	ideas

brain	activity	analyzed	as	networks
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Two	appealing	ideas

brain	areas	communicate	
via	oscillatory	activity
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ycurrent	research	paper	
brings	these	ideas	together
Klein,	Orellana,	Brincat,	Miller,	Kass	(submitted)

brain	activity	analyzed	as	networks
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oscillations	in	brain	observed	under	various	conditions
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2.1 Describing Central Tendency and Variation 27

Fig. 2.2 EEG spectrograms for a subject in various stages of general anesthesia. In each of four
stages an EEG voltage tracing is shown, and below it a spectrogram. The EEG tracings are for
the P4 (right parietal) lead in an array of 16 leads (it is taken with O2 as reference lead). The
spectrogram decomposes the voltage signal into frequency components across successive time
bins. Red indicates high magnitudes, yellow medium magnitudes, and blue low magnitudes. Each
displayed trace corresponds to several successive time bins in the spectrogram, as indicated by the
black lines. Two prominent features are the alpha rhythm, at roughly 10 Hz, and the slower delta
rhythm, below 4 Hz. Both sets of oscillations are visible in the EEG tracings, and their temporal
presence or absence is indicated in the spectrogram. During the awake phase the alpha rhythm
is absent when the eyes are open and present when the eyes are closed; the delta rhythm is also
present, but only weakly. During surgery the delta rhythm is very strong, and the alpha rhythm is
also stronger than in the awake phase.

Example 2.2 EEG spectrogram under general anesthesia When patients undergo
general anesthesia for certain surgical procedures EEGs are recorded to monitor
brain activity. These recordings provide a comparison of various states of uncon-
sciousness. A set of EEG traces for a patient during carotid endarterectomy surgery
at the Massachusetts General Hospital is displayed in Fig. 2.2. The figure shows
EEGs and spectrograms during an initial awake phase, a general anesthesia induc-
tion phase, the surgical phase, and the recovery phase. Spectrograms are made by
taking the signal within successive time bins (here, 1 s bins) and using Fourier analy-
sis to decompose the signal into oscillatory components at varying frequencies. On
the x-axis is time and on the y-axis is the frequency. The plotted spectrogram is the
resulting power (a measure of the strength of a particular frequency component of the

human	brain	under	anesthesia	
EEG,	spectrogram

high	power	
~10	Hz

Kass,	Eden,	Brown,	Analysis	of	Neural	Data,	2014
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communication	across	brain	areas	via	oscillatory	activity	
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communication	across	brain	areas	via	oscillatory	activity	
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theory	and	circumstantial	evidence:		
important	for	cognitive	processes
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Zhou,	Burton,	Snyder,	Smith,	Urban,	Kass	(2015,	PLoS	Comp.	Bio.)

Local	Field	Potential	(LFP)	
and	Piltered	version

communication	across	brain	areas	via	oscillatory	activity
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communication	across	brain	areas	via	oscillatory	activity	
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Brincat	and	Miller	(2015,	Nature	Neuroscience)

Prefrontal	
cortex

Hippocampus

memory	task
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Brincat	and	Miller	(2015,	Nature	Neuroscience)

PFC
Hippocampus

LFPs
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communication	across	brain	areas	via	oscillatory	activity	
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phase	coupling	indicates	coordinated	activity

Oigure	from	Klein,	Orellana,	Brincat,	Miller,	Kass	(submitted)
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communication	across	brain	areas	via	oscillatory	activity	
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phase	coupling	indicates	coordinated	activity

phase	here
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communication	across	brain	areas	via	oscillatory	activity	
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communication	across	brain	areas	via	oscillatory	activity	
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phase	coupling	indicates	coordinated	activity

consistent	phase	difference	across	repeated	trials	
(noisy)	

usual	measure:	Phase-Locking	Value	(PLV)

phase	here
Oigure	from	Klein,	Orellana,	Brincat,	Miller,	Kass	(submitted)
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PLV:	2	recordings
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24	recordings:	PFC	and	3	subregions	of	hippocampus
PLV:	2	recordings
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24	recordings:	PFC	and	3	subregions	of	hippocampus
PLV:	2	recordings
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24	recordings:	PFC	and	3	subregions	of	hippocampus
PLV:	2	recordings
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—>	want	graphical	model	for	phase	coupling



graph

Gaussian	graphical	model

no	edge	==	
conditional		
independence	

given	all	
other	nodes

nodes	follow	multivariate	Gaussian	(normal)	distribution
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graph

Gaussian	graphical	model

no	edge	==	
conditional		
independence	

given	all	
other	nodes

no	edge	==	zero	partial	correlation

nodes	follow	multivariate	Gaussian	(normal)	distribution
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A

B

C

A	and	B	can	be	correlated		
but	have	zero	partial	correlation	given	C
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graph

Gaussian	graphical	model

no	edge	==	
conditional		
independence	

given	all	
other	nodes

edge	would	indicate	“unique”	coupling

nodes	follow	multivariate	Gaussian	(normal)	distribution
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communication	across	brain	areas	via	oscillatory	activity	

—>	want	graphical	model	for	phase	coupling
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communication	across	brain	areas	via	oscillatory	activity	

—>	want	graphical	model	for	phase	coupling
challenge:	multivariate	Gaussian	won’t	work	

because	angles	are	circular
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we	must	respect	topological	distinction
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-	-	-	blue	dashed		
(goes	outside	domain)
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plotted	on	line

plotted	on	circle
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for	high	concentration	it	doesn’t	matter
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plotted	on	line

plotted	on	circle
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but	for	lower	concentration	it	does
physiological	phase	distributions:	low	concentration
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plotted	on	line

plotted	on	circle
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but	for	lower	concentration	it	does
—>	need	distribution	on	circle
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communication	across	brain	areas	via	oscillatory	activity	

analogue	of	correlation:	Phase	Locking	Value	(PLV)	
but	what	about	analogue	of	partial	correlation?
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Two	phase	angles	
measured	repeatedly,	
each	roughly	uniformly	
distributed,	but	
highly	correlated
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seemingly	weird	data	values	on	plane	
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product	of	2	circles	is	a	torus
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weird-looking	for	high	correlation		
when	plotted	in	plane
not	weird	on	torus
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—>	want	graphical	model	for	phase	coupling
challenge:	multivariate	Gaussian	won’t	work	

because	angles	are	circular

—>	want	analogue	to	Gaussian	distribution	on	
multidimensional	torus

 145



—>	want	graphical	model	for	phase	coupling
challenge:	multivariate	Gaussian	won’t	work	

because	angles	are	circular

—>	want	analogue	to	Gaussian	distribution	on	
multidimensional	torus

Brincat	and	Miller	data:	24D	torus
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What’s	special	about	normal	(Gaussian)	distributions?
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What’s	special	about	normal	(Gaussian)	distributions?

Central	Limit	Theorem

mean of n independent random variables
approximately normally distributed

(as n ! 1)
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What’s	special	about	normal	(Gaussian)	distributions?

Maximum	entropy	distribution	on	real	line
subject to constraints:
mean = µ and variance = �2
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What’s	special	about	normal	(Gaussian)	distributions?

Maximum	entropy	distribution	on	real	line
subject to constraints:
mean = µ and variance = �2

(Can	prove	Central	Limit	Theorem	from	this)
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and	many	others

maximum	entropy	distributions,	discrete:	
			binomial	
			Poisson	
maximum	entropy	distributions,	continuous:	
			exponential	
			gamma	
			normal
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maximum	entropy	distributions,	discrete:	
			binomial	
			Poisson	
maximum	entropy	distributions,	continuous:	
			exponential	
			gamma	
			normal Exponential	families

many	nice	properties
Barndorff-Nielsen	(1978)	
Brown	(1986)	

Kass	and	Vos	(1997)	
								curved	exponential	families
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maximum	entropy	distributions,	discrete:	
			binomial	
			Poisson	
maximum	entropy	distributions,	continuous:	
			exponential	
			gamma	
			normal Exponential	families

deOined	for	each	domain	
(given	constraints	on	mean,	variance,	etc.)
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maximum	entropy	distributions,	discrete:	
			binomial	
			Poisson	
maximum	entropy	distributions,	continuous:	
			exponential	
			gamma	
			normal Exponential	families

deOined	for	each	domain	
(given	constraints	on	mean,	variance,	etc.)
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multivariate	exponential	families		
with	pairwise	interactions:

interaction	terms	vanish	
if	and	only	if	

conditionally	independent

no	edge	==	
conditional		
independence	

given	all	
other	nodes

graph:	no	edge	
when	interaction		
term	vanishes
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—>	want	graphical	model	for	phase	coupling
challenge:	multivariate	normal	won’t	work	

because	angles	are	circular

—>	use	exponential	family	on	multidimensional	torus!
Klein,	Orellana,	Brincat,	Miller,	Kass	(submitted)
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—>	want	graphical	model	for	phase	coupling
challenge:	multivariate	normal	won’t	work	

because	angles	are	circular

—>	use	exponential	family	on	multidimensional	torus!
Klein,	Orellana,	Brincat,	Miller,	Kass	(submitted)

for	Brincat	and	Miller	data	works	remarkably	well
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no	edge	==	
conditional		
independence	

given	all	
other	nodes
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common	method	based	on		
“phase	locking	value”	PLV	

bivariate,	does	not	give	graphical	model
no	edge	==	
conditional		
independence	

given	all	
other	nodes

exponential	family	on	torus		
does	give	graphical	model	

“Torus	graph”

YES

NO
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common	method	based	on		
“phase	locking	value”	PLV	

bivariate,	does	not	give	graphical	model
no	edge	==	
conditional		
independence	

given	all	
other	nodes

exponential	family	on	torus		
does	give	graphical	model	

“Torus	graph”

YES

NO

many	interesting	properties
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Pairwise	Association	
Gaussian:	1	real	number	(correlation)	
Torus	graph:	2	complex	numbers
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Pairwise	Association	
Gaussian:	1	real	number	(correlation)	
Torus	graph:	2	complex	numbers

positive	association:	amplitude,	phase	
negative	association:	amplitude,	phase
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PLV Torus	graph
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DRAFT

Generative 
model

Torus
Graph

A

PLV
Graph

Fig. 1. Torus Graphs recover the ground truth graph structure from two realistic
simulated data sets (shown in S3) while a bivariate phase coupling measure, Phase
Locking Value (PLV), does not. Left: a three-dimensional simulated example of cross-
area phase coupling where regions 1 and 3 are both coupled to region 2, but are
conditionally independent given region 2. The learned Torus Graph agrees with the
generative model, while the PLV Graph indicates a fully-connected structure (edges
drawn when edgewise p < 0.001). The ROC curve (bottom) shows the estimated
false positive rate (FPR) versus true positive rate (TPR) for various significance
thresholds (Torus Graph: teal, PLV: pink). The curves demonstrate that regardless of
threshold, PLV is unable to distinguish between true and false edges and performs
near chance level while Torus Graphs generally perform well in recovering the correct
edges. Right: a 5-dimensional simulated example of a graph structure that could be
observed for channels on a linear probe with nearest-neighbor spatial dependence.
Similar to the three-dimensional example, Torus Graphs recover the correct structure
while PLV recovers a fully-connected structure, and Torus Graphs dominate PLV in
the ROC curve.

of bivariate phase coupling measures like PLV; specifically, bi-
variate measures are sensitive to the marginal distributions
of the variables and it is influenced by both direct dependen-
cies and indirect dependencies (mediated by other nodes). In
simulated data with known underlying dependence structure,
we demonstrate that Torus Graphs recover the correct struc-
ture while PLV does not (see results of “Simulation Study”
from Results in Fig 1). In neural oscillation phase angle data
from 24-dimensional local field potentials (previously studied
in (19, 20)), we demonstrate that Torus Graphs are able to
recover meaningful phase-based functional connectivity struc-
tures between prefrontal cortex and hippocampal subregions.

Results

We first state the Torus Graph model and show it is an expo-
nential family distribution with pairwise dependence between
the variables. In addition, it is the maximum entropy distri-
bution for circular variables with second-order interactions
between the variables. Furthermore, we show that this model
corresponds to a pairwise-coupling undirected graphical model,
such that the parameters of the distribution determine the con-
ditional independence structure between the variables. Most

previous work in multivariate circular models may be under-
stood as restricted submodels of the Torus Graph models, and
by examining properties of these submodels, we conclude that
the full Torus Graph model is the most appropriate model to
address multivariate phase coupling.

For parameter estimation and inference, we provide a novel
scaled score matching estimator appropriate for Torus Graphs.
We also derive the conditional distribution needed for Gibbs
sampling to generate samples from the distribution. To moti-
vate the use of Torus Graphs for multivariate phase coupling
in neural data, we compare Torus Graphs to bivariate phase
coupling measures, of which Phase Locking Value (PLV) is the
most common. In bivariate and trivariate cases, we demon-
strate that bivariate phase coupling measures are a�ected by
changes in the marginal distributions of the variables and
do not correctly capture conditional independence structure,
while Torus Graphs distinguish the e�ects of marginal con-
centration and pairwise coupling and recover the conditional
independence structure. Finally, we apply Torus Graphs to 24-
dimensional local field potential (LFP) oscillatory phase angles
to analyze across-region connectivity between ventrolateral
prefrontal cortex and three hippocampal subregions.

Torus Graph model. The Torus Graph model has the following
density on the d-dimensional torus:

p(x) Ã exp

I
dÿ

i=1

Ÿi cos(xi ≠ µi) +
ÿ

i<j

5
cos xi

sin xi

6T

Ai,j

5
cos xj

sin xj

6J

[1]

where x œ [0, 2fi]d is a d-dimensional vector of circular variables
with elements xi (e.g. for phase coupling, x would be a vector
of phase angle values for a single time point, over many trials,
from each of d signals), Ÿ gives the marginal concentration of
each angle around marginal mean directions µ, and Ai,j are 2-
by-2 pairwise coupling matrices (so each pairwise relationship
involves four coupling parameters). Note that for this family
of models, the normalization constant is intractable, though
numerical approximations may be used in the bivariate case
(21). While this model was proposed in (22) as an extension
of an earlier bivariate model (23), to our knowledge, existing
work has not explored its properties, provided estimation and
sampling techniques, or applied it to real data.

Theorem 1. Suppose x œ [0, 2fi]d follow a Torus Graph den-
sity, and let the unit vector ui = [cos Xi, sin Xi]T represent
the circular variable Xi in rectangular coordinates. The Torus
Graph is an exponential family distribution with su�cient
statistics T = {Ti, Tij} and parameters › = {›i, ›ij} where ›
contains all marginal parameters ›i and pairwise parameters
›ij , such that the density may be written

p (x; ›) Ã exp

I
dÿ

i=1

›i
T Ti(xi) +

ÿ

i<j

›ij
T Tij(xi, xj)

J
[2]

where
Ti = [cos xi, sin xi]T ,

Tij = [cos xi cos xj , cos xi sin xj , sin xi cos xj , sin xi sin xj ]T ,

›i = [Ÿi cos µi, Ÿi sin µi]T ,

›ij =
#
Ai,j

11 , Ai,j
12 , Ai,j

21 , Ai,j
22

$T
.

2 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX
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Klein and Orellana et al.

ROC	curves

simulated	data	
(similar	to	real	data)
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																																				OUTLINE	

-	Comments	on	statistics	and	machine	learning	
-	Brain	sciences	and	neural	recordings	
-	Examples	from	studies	of	memory	(hippocampus)	
							illustrations	of	“statistical	paradigm”	
-	The	big	problem:	dynamic	network	analysis
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Work	reported	in	neuroscience	articles,	even	when		
involving	sophisticated	techniques,	often	fails	to	make		
full	and	effective	use	of	available	data.
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Quantitative	analysts	lacking	advanced	knowledge	of	statistics	
often	devise	clever	methods,	but	their	approach	is	different.

 169



What	is	different	about	the	way	those	with	
statistical	training	approach	data	analysis?
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What	is	different	about	the	way	those	with	
statistical	training	approach	data	analysis?

“The	Statistical	Paradigm”
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What	is	different	about	the	way	those	with	
statistical	training	approach	data	analysis?

most	fundamental	component		
summarized	by	two	core	principles

“The	Statistical	Paradigm”
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1.2. THE CONTRIBUTION OF STATISTICS 11

Two Fundamental Tenets of the Statistical Paradigm:

1. Statistical models are used to express knowledge and un-
certainty about a signal in the presence of noise, via inductive
reasoning.

2. Statistical methods may be analyzed to determine how well
they are likely to perform.

In the remainder of this section we will elaborate, adding a variety of comments
and clarifications.

1.2.1 Statistical models describe regularity and variability
of data in terms of probability distributions.

When data are collected, repeatedly, under conditions that are as nearly identical as
an investigator can make them, the measured responses nevertheless exhibit varia-
tion. The spike trains generated by the SEF neuron in Example 1.1 were collected
under experimental conditions that were essentially identical; yet, the spike times,
and the number of spikes, varied from trial to trial. The most fundamental principle
of the statistical paradigm, its starting point, is that this variation may be described
by probability. Chapters 3 and 5 are devoted to spelling out the details, so that it
will become clear what we mean when we say that probability describes variation.
But the idea is simple enough: probability describes familiar games of chance, such
as rolling dice, so when we use probability also to describe variation, we are making
an analogy; we do not know all the reasons why one measurement is different than
another, so it is as if the variation in the data were generated by a gambling device.
Let us consider a simple but interesting example.

Example 1.4 Blindsight in patient P.S. Marshall and Halligan (1988) reported
an interesting neuropsychological finding from a patient, identified as P.S. This pa-
tient was a 49 year-old woman who had suffered damage to her right parietal cortex
that reduced her capacity to process visual information coming from the left side
of her visual space. For example, she would frequently read words incorrectly by
omitting left-most letters (“smile” became “mile”) and when asked to copy simple
line drawings, she accurately drew the right-hand side of the figures but omitted the
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1. Statistical models are used to express knowledge and un-
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line drawings, she accurately drew the right-hand side of the figures but omitted the

“models”	do	not	have	to	be	parametric
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tion. The spike trains generated by the SEF neuron in Example 1.1 were collected
under experimental conditions that were essentially identical; yet, the spike times,
and the number of spikes, varied from trial to trial. The most fundamental principle
of the statistical paradigm, its starting point, is that this variation may be described
by probability. Chapters 3 and 5 are devoted to spelling out the details, so that it
will become clear what we mean when we say that probability describes variation.
But the idea is simple enough: probability describes familiar games of chance, such
as rolling dice, so when we use probability also to describe variation, we are making
an analogy; we do not know all the reasons why one measurement is different than
another, so it is as if the variation in the data were generated by a gambling device.
Let us consider a simple but interesting example.

Example 1.4 Blindsight in patient P.S. Marshall and Halligan (1988) reported
an interesting neuropsychological finding from a patient, identified as P.S. This pa-
tient was a 49 year-old woman who had suffered damage to her right parietal cortex
that reduced her capacity to process visual information coming from the left side
of her visual space. For example, she would frequently read words incorrectly by
omitting left-most letters (“smile” became “mile”) and when asked to copy simple
line drawings, she accurately drew the right-hand side of the figures but omitted the
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many	treatments,	substantial	knowledge	
	…	yet	no	detailed	understanding
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At	some	point	in	the	future,	science	and	technology	
will	provide	vastly	improved	therapies.
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At	some	point	in	the	future,	science	and	technology	
will	provide	vastly	improved	therapies.

Tools	that	can	move	us	in	this	direction	have	
already	advanced	enough	that	the	outline	
of	how	this	might	work	is	coming	into	focus.
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At	some	point	in	the	future,	science	and	technology	
will	provide	vastly	improved	therapies.

+ +

possibly	by	combining

speciOic	behavioral		
context

targeted	drugs spatiotemporally		
precise	

circuit	disruption
all	personalized,	partly	through	genetics
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At	some	point	in	the	future,	science	and	technology	
will	provide	vastly	improved	therapies.

spatiotemporally		
precise	

circuit	disruption
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At	some	point	in	the	future,	science	and	technology	
will	provide	vastly	improved	therapies.

spatiotemporally		
precise	

circuit	disruption

To	get	there	we’ll	need	greatly	improved		
statistical	machine	learning	methods.
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Concrete	context:	the	reward	system
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human	reward	system
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rodent	reward	system
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Human	and	rodent	reward	systems		
are	similar	in	important	ways.
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Reward	drives	all	behavior.
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development of addictive disorders (Kalivas et al, 2005;
Robbins et al, 2008; Carlezon and Thomas, 2009).

Divisions. The NAc is divided into two major territories:
the core is the central portion directly beneath and
continuous with the dorsal striatum and surrounding the
anterior commissure, and the shell occupies the most
ventral and medial portions of the NAc. A third rostral
pole division has also been identified (Zahm and Brog,
1992; Zahm and Heimer, 1993; Jongen-Rêlo et al, 1994). The
NAc core and shell districts share striatal characteristics, in
that approximately 90% of the cells are typical medium
spiny projection neurons (Meredith, 1999). The remainder
are local circuit interneurons, including cholinergic and
parvalbumin cells (Kawaguchi et al, 1995). The NAc core
and shell differ in their precise cellular morphology,
neurochemistry, projection patterns, and functions (Heimer
et al, 1991; Meredith et al, 1992; Zahm and Brog, 1992;
Zahm and Heimer, 1993; Jongen-Rêlo et al, 1994; Meredith
et al, 1996; Usuda et al, 1998; Meredith, 1999). The shell
division, and particularly its medial aspect, is often more
prominently associated with drug reward (Carlezon et al,
1995; Rodd-Henricks et al, 2002; Sellings and Clarke, 2003;
Ikemoto, 2007), although the core also contributes to
motivated behaviors that are cue-conditioned, including
drug-seeking (Kalivas and McFarland, 2003; Robbins
et al, 2008).

Superimposed on the core and shell subterritories of
the NAc are compartments that at least partly resemble the
patch and matrix organization of the dorsal striatum, the
latter being based on the laminar patterns of cortical affer-
ents and multiple specific biochemical markers (Gerfen,
1992). For the NAc, a simple patch–matrix organization has
been difficult to define, and most authors agree that the
compartmental segregation of cells and input–output
channels in this region is highly complex (Voorn et al,
1989; Martin et al, 1991; Zahm and Brog, 1992; Jongen-Rêlo
et al, 1993; Meredith et al, 1996; van Dongen et al, 2008).

Afferents: excitatory. Multiple limbic associated areas
provide the excitatory cortical innervation to the NAc
(Figure 1), including medial and lateral divisions of the
prefrontal cortex (PFC), entorhinal cortex and ventral
subiculum of the hippocampus (vSub), and basolateral
amygdala (BLA) (Kelley and Domesick, 1982; Kelley et al,
1982; Groenewegen et al, 1987; Kita and Kitai, 1990;
McDonald, 1991; Berendse et al, 1992; Brog et al, 1993;
Totterdell and Meredith, 1997; Reynolds and Zahm, 2005).
The NAc shell is innervated primarily by ventral portions of
the prelimbic, infralimbic, medial orbital, and ventral
agranular insular cortices, whereas the core receives input
mainly from dorsal parts of the prelimbic cortex and dorsal
agranular insular areas (Berendse et al, 1992; Brog et al,
1993). The vSub projects caudomedially with a preference
for the NAc shell, whereas the dorsal subiculum projects to
more rostrolateral regions including the core (Groenewegen
et al, 1987; Brog et al, 1993). The BLA generates a complex
rostral to core and caudal to shell topography that also
varies according to patch–matrix compartments in the
NAc (Wright et al, 1996).

Cortical neurons are the likely promoters of goal-directed
behaviors, with the vSub providing spatial and contextual
information, the PFC supplying executive control, including
task switching and response inhibition, and the BLA
communicating information regarding conditioned asso-
ciations as well as affective drive (Moore et al, 1999; Wolf,
2002; Kalivas et al, 2005; Ambroggi et al, 2008; Ishikawa
et al, 2008; Ito et al, 2008; Gruber et al, 2009a; Simmons and
Neill, 2009). The NAc provides a crucial site for convergence
of these various behavioral drives, although the relevant
cortical structures also maintain interconnections with each
other (Figure 1; Swanson and Köhler, 1986; Sesack et al,
1989; Jay et al, 1992; Brinley-Reed et al, 1995; Bacon et al,
1996; Pitkänen et al, 2000).

Thalamic afferents to the ventral striatum arise
from midline and intralaminar nuclei (Figure 1), including
the paraventricular, paratenial, intermediodorsal, central
medial, rhomboid, reunions, and rostral parafascicular
nuclei (Kelley and Stinus, 1984; Berendse and Groenewegen,
1990; Smith et al, 2004). In the rat and primate, the
NAc core is innervated primarily by the intermediodorsal,
the shell by the paraventricular, and the rostral pole by
the paratenial nucleus (Berendse and Groenewegen, 1990;
Smith et al, 2004). Some thalamic neurons innervating the
NAc send collateral projections to the PFC (Otake and
Nakamura, 1998). The functions of thalamostriatal projec-
tions are less well studied compared to corticostriatal
pathways. Nevertheless, the former are likely to operate in
arousal and directing attention to behaviorally significant
events (Smith et al, 2004).

Figure 1 . Principal afferents linking brain centers for goal-directed
behavior with the NAc and VTA. For clarity, only some of the projections
are shown, and the principal efferent pathways from the NAc are
illustrated in Figure 2. Red indicates inhibitory structures and pathways,
green excitatory connections, and yellow the modulatory influence of DA.
Please refer to the text for detailed explanation. BLA, basolateral
amygdala; LHA/LPOA, lateral hypothalamic and lateral preoptic areas;
LHb, lateral habenula; Mid/Intral Thal, midline and intralaminar thalamic
nuclei; NAc, nucleus accumbens; PAG/RF, periaqueductal gray and
reticular formation; PFC, prefrontal cortex; PPTg/LDT, pedunculopontine
and laterodorsal tegmentum; RMTg, mesopontine rostromedial tegmen-
tal nucleus; VP, ventral pallidum; vSub/Hipp, ventral subiculum of the
hippocampus; VTA, ventral tegmental area.
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development of addictive disorders (Kalivas et al, 2005;
Robbins et al, 2008; Carlezon and Thomas, 2009).

Divisions. The NAc is divided into two major territories:
the core is the central portion directly beneath and
continuous with the dorsal striatum and surrounding the
anterior commissure, and the shell occupies the most
ventral and medial portions of the NAc. A third rostral
pole division has also been identified (Zahm and Brog,
1992; Zahm and Heimer, 1993; Jongen-Rêlo et al, 1994). The
NAc core and shell districts share striatal characteristics, in
that approximately 90% of the cells are typical medium
spiny projection neurons (Meredith, 1999). The remainder
are local circuit interneurons, including cholinergic and
parvalbumin cells (Kawaguchi et al, 1995). The NAc core
and shell differ in their precise cellular morphology,
neurochemistry, projection patterns, and functions (Heimer
et al, 1991; Meredith et al, 1992; Zahm and Brog, 1992;
Zahm and Heimer, 1993; Jongen-Rêlo et al, 1994; Meredith
et al, 1996; Usuda et al, 1998; Meredith, 1999). The shell
division, and particularly its medial aspect, is often more
prominently associated with drug reward (Carlezon et al,
1995; Rodd-Henricks et al, 2002; Sellings and Clarke, 2003;
Ikemoto, 2007), although the core also contributes to
motivated behaviors that are cue-conditioned, including
drug-seeking (Kalivas and McFarland, 2003; Robbins
et al, 2008).

Superimposed on the core and shell subterritories of
the NAc are compartments that at least partly resemble the
patch and matrix organization of the dorsal striatum, the
latter being based on the laminar patterns of cortical affer-
ents and multiple specific biochemical markers (Gerfen,
1992). For the NAc, a simple patch–matrix organization has
been difficult to define, and most authors agree that the
compartmental segregation of cells and input–output
channels in this region is highly complex (Voorn et al,
1989; Martin et al, 1991; Zahm and Brog, 1992; Jongen-Rêlo
et al, 1993; Meredith et al, 1996; van Dongen et al, 2008).

Afferents: excitatory. Multiple limbic associated areas
provide the excitatory cortical innervation to the NAc
(Figure 1), including medial and lateral divisions of the
prefrontal cortex (PFC), entorhinal cortex and ventral
subiculum of the hippocampus (vSub), and basolateral
amygdala (BLA) (Kelley and Domesick, 1982; Kelley et al,
1982; Groenewegen et al, 1987; Kita and Kitai, 1990;
McDonald, 1991; Berendse et al, 1992; Brog et al, 1993;
Totterdell and Meredith, 1997; Reynolds and Zahm, 2005).
The NAc shell is innervated primarily by ventral portions of
the prelimbic, infralimbic, medial orbital, and ventral
agranular insular cortices, whereas the core receives input
mainly from dorsal parts of the prelimbic cortex and dorsal
agranular insular areas (Berendse et al, 1992; Brog et al,
1993). The vSub projects caudomedially with a preference
for the NAc shell, whereas the dorsal subiculum projects to
more rostrolateral regions including the core (Groenewegen
et al, 1987; Brog et al, 1993). The BLA generates a complex
rostral to core and caudal to shell topography that also
varies according to patch–matrix compartments in the
NAc (Wright et al, 1996).

Cortical neurons are the likely promoters of goal-directed
behaviors, with the vSub providing spatial and contextual
information, the PFC supplying executive control, including
task switching and response inhibition, and the BLA
communicating information regarding conditioned asso-
ciations as well as affective drive (Moore et al, 1999; Wolf,
2002; Kalivas et al, 2005; Ambroggi et al, 2008; Ishikawa
et al, 2008; Ito et al, 2008; Gruber et al, 2009a; Simmons and
Neill, 2009). The NAc provides a crucial site for convergence
of these various behavioral drives, although the relevant
cortical structures also maintain interconnections with each
other (Figure 1; Swanson and Köhler, 1986; Sesack et al,
1989; Jay et al, 1992; Brinley-Reed et al, 1995; Bacon et al,
1996; Pitkänen et al, 2000).

Thalamic afferents to the ventral striatum arise
from midline and intralaminar nuclei (Figure 1), including
the paraventricular, paratenial, intermediodorsal, central
medial, rhomboid, reunions, and rostral parafascicular
nuclei (Kelley and Stinus, 1984; Berendse and Groenewegen,
1990; Smith et al, 2004). In the rat and primate, the
NAc core is innervated primarily by the intermediodorsal,
the shell by the paraventricular, and the rostral pole by
the paratenial nucleus (Berendse and Groenewegen, 1990;
Smith et al, 2004). Some thalamic neurons innervating the
NAc send collateral projections to the PFC (Otake and
Nakamura, 1998). The functions of thalamostriatal projec-
tions are less well studied compared to corticostriatal
pathways. Nevertheless, the former are likely to operate in
arousal and directing attention to behaviorally significant
events (Smith et al, 2004).

Figure 1 . Principal afferents linking brain centers for goal-directed
behavior with the NAc and VTA. For clarity, only some of the projections
are shown, and the principal efferent pathways from the NAc are
illustrated in Figure 2. Red indicates inhibitory structures and pathways,
green excitatory connections, and yellow the modulatory influence of DA.
Please refer to the text for detailed explanation. BLA, basolateral
amygdala; LHA/LPOA, lateral hypothalamic and lateral preoptic areas;
LHb, lateral habenula; Mid/Intral Thal, midline and intralaminar thalamic
nuclei; NAc, nucleus accumbens; PAG/RF, periaqueductal gray and
reticular formation; PFC, prefrontal cortex; PPTg/LDT, pedunculopontine
and laterodorsal tegmentum; RMTg, mesopontine rostromedial tegmen-
tal nucleus; VP, ventral pallidum; vSub/Hipp, ventral subiculum of the
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development of addictive disorders (Kalivas et al, 2005;
Robbins et al, 2008; Carlezon and Thomas, 2009).

Divisions. The NAc is divided into two major territories:
the core is the central portion directly beneath and
continuous with the dorsal striatum and surrounding the
anterior commissure, and the shell occupies the most
ventral and medial portions of the NAc. A third rostral
pole division has also been identified (Zahm and Brog,
1992; Zahm and Heimer, 1993; Jongen-Rêlo et al, 1994). The
NAc core and shell districts share striatal characteristics, in
that approximately 90% of the cells are typical medium
spiny projection neurons (Meredith, 1999). The remainder
are local circuit interneurons, including cholinergic and
parvalbumin cells (Kawaguchi et al, 1995). The NAc core
and shell differ in their precise cellular morphology,
neurochemistry, projection patterns, and functions (Heimer
et al, 1991; Meredith et al, 1992; Zahm and Brog, 1992;
Zahm and Heimer, 1993; Jongen-Rêlo et al, 1994; Meredith
et al, 1996; Usuda et al, 1998; Meredith, 1999). The shell
division, and particularly its medial aspect, is often more
prominently associated with drug reward (Carlezon et al,
1995; Rodd-Henricks et al, 2002; Sellings and Clarke, 2003;
Ikemoto, 2007), although the core also contributes to
motivated behaviors that are cue-conditioned, including
drug-seeking (Kalivas and McFarland, 2003; Robbins
et al, 2008).

Superimposed on the core and shell subterritories of
the NAc are compartments that at least partly resemble the
patch and matrix organization of the dorsal striatum, the
latter being based on the laminar patterns of cortical affer-
ents and multiple specific biochemical markers (Gerfen,
1992). For the NAc, a simple patch–matrix organization has
been difficult to define, and most authors agree that the
compartmental segregation of cells and input–output
channels in this region is highly complex (Voorn et al,
1989; Martin et al, 1991; Zahm and Brog, 1992; Jongen-Rêlo
et al, 1993; Meredith et al, 1996; van Dongen et al, 2008).

Afferents: excitatory. Multiple limbic associated areas
provide the excitatory cortical innervation to the NAc
(Figure 1), including medial and lateral divisions of the
prefrontal cortex (PFC), entorhinal cortex and ventral
subiculum of the hippocampus (vSub), and basolateral
amygdala (BLA) (Kelley and Domesick, 1982; Kelley et al,
1982; Groenewegen et al, 1987; Kita and Kitai, 1990;
McDonald, 1991; Berendse et al, 1992; Brog et al, 1993;
Totterdell and Meredith, 1997; Reynolds and Zahm, 2005).
The NAc shell is innervated primarily by ventral portions of
the prelimbic, infralimbic, medial orbital, and ventral
agranular insular cortices, whereas the core receives input
mainly from dorsal parts of the prelimbic cortex and dorsal
agranular insular areas (Berendse et al, 1992; Brog et al,
1993). The vSub projects caudomedially with a preference
for the NAc shell, whereas the dorsal subiculum projects to
more rostrolateral regions including the core (Groenewegen
et al, 1987; Brog et al, 1993). The BLA generates a complex
rostral to core and caudal to shell topography that also
varies according to patch–matrix compartments in the
NAc (Wright et al, 1996).

Cortical neurons are the likely promoters of goal-directed
behaviors, with the vSub providing spatial and contextual
information, the PFC supplying executive control, including
task switching and response inhibition, and the BLA
communicating information regarding conditioned asso-
ciations as well as affective drive (Moore et al, 1999; Wolf,
2002; Kalivas et al, 2005; Ambroggi et al, 2008; Ishikawa
et al, 2008; Ito et al, 2008; Gruber et al, 2009a; Simmons and
Neill, 2009). The NAc provides a crucial site for convergence
of these various behavioral drives, although the relevant
cortical structures also maintain interconnections with each
other (Figure 1; Swanson and Köhler, 1986; Sesack et al,
1989; Jay et al, 1992; Brinley-Reed et al, 1995; Bacon et al,
1996; Pitkänen et al, 2000).

Thalamic afferents to the ventral striatum arise
from midline and intralaminar nuclei (Figure 1), including
the paraventricular, paratenial, intermediodorsal, central
medial, rhomboid, reunions, and rostral parafascicular
nuclei (Kelley and Stinus, 1984; Berendse and Groenewegen,
1990; Smith et al, 2004). In the rat and primate, the
NAc core is innervated primarily by the intermediodorsal,
the shell by the paraventricular, and the rostral pole by
the paratenial nucleus (Berendse and Groenewegen, 1990;
Smith et al, 2004). Some thalamic neurons innervating the
NAc send collateral projections to the PFC (Otake and
Nakamura, 1998). The functions of thalamostriatal projec-
tions are less well studied compared to corticostriatal
pathways. Nevertheless, the former are likely to operate in
arousal and directing attention to behaviorally significant
events (Smith et al, 2004).

Figure 1 . Principal afferents linking brain centers for goal-directed
behavior with the NAc and VTA. For clarity, only some of the projections
are shown, and the principal efferent pathways from the NAc are
illustrated in Figure 2. Red indicates inhibitory structures and pathways,
green excitatory connections, and yellow the modulatory influence of DA.
Please refer to the text for detailed explanation. BLA, basolateral
amygdala; LHA/LPOA, lateral hypothalamic and lateral preoptic areas;
LHb, lateral habenula; Mid/Intral Thal, midline and intralaminar thalamic
nuclei; NAc, nucleus accumbens; PAG/RF, periaqueductal gray and
reticular formation; PFC, prefrontal cortex; PPTg/LDT, pedunculopontine
and laterodorsal tegmentum; RMTg, mesopontine rostromedial tegmen-
tal nucleus; VP, ventral pallidum; vSub/Hipp, ventral subiculum of the
hippocampus; VTA, ventral tegmental area.
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we	want	dynamic	versions	of	such	pictures
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The	problem	of	dynamic	network	analysis:	to	describe	the	
evolution	of	circuit/system	activity	during	behavior.
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The	problem	of	dynamic	network	analysis:	to	describe	the	
evolution	of	circuit/system	activity	during	behavior.

based	on	recordings	from	multiple	neurons	
in	each	of	many	brain	areas,	simultaneously
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optical	stimulation
—>	causal	experiments
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opportunity:	study	networks	of	neurons		
as	activity	evolves	during	behavior,	
including	circuit	interventions	
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The	problem	of	dynamic	network	analysis:	to	describe	the	
evolution	of	circuit/system	activity	during	behavior.
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from	Jesse	Wood	(U.	Pittsburgh)

typical	rewarded	behavioral	task,	with	neural	recordings

Wood,	Simon,	Koerner,	Kass,	Moghaddam	(2017,	Frontiers	Behav.	Neurosci.)
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The	problem	of	dynamic	network	analysis:	to	describe	the	
evolution	of	circuit/system	activity	during	behavior.

a	hypothetical,	concrete	example:	
rewarded	behavior	of	an	addicted	animal

based	on	(hypothetical)	recordings		
from	many	brain	areas	simultaneously	
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then:	disrupt	the	circuit		
at	speciOic	places	and	times
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not	fantasy,	but	extrapolation
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				-	based	on	noisy	data	from		
						multiple	signals	within	each	of	many	areas
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can	auto-encoders	help?
Pandarinath	et	al.		

(2018,	Nature	Methods)



																													Summary	and	Comments	

			-	The	“statistical	paradigm”	is	invaluable	because							
						it	aids	understanding	through	
											i.	modeling	
										ii.	analysis	of	procedures	

							
			
			
		

 221



																													Summary	and	Comments	

			-	The	“statistical	paradigm”	is	invaluable	because							
						it	aids	understanding	through	
											i.	modeling	
										ii.	analysis	of	procedures	

							
				
				
			

ML = Statistics \ Computer Science

 222



																													Summary	and	Comments	

			-	The	“statistical	paradigm”	is	invaluable	because							
						it	aids	understanding	through	
											i.	modeling	
										ii.	analysis	of	procedures	

							
			-		A	major	challenge	in	the	brain	sciences	is	the	
						“problem	of	dynamic	network	analysis.”	
														requires	incorporation	of	neural	dynamics

ML = Statistics \ Computer Science

 223



																													Summary	and	Comments	

			-	The	“statistical	paradigm”	is	invaluable	because							
						it	aids	understanding	through	
											i.	modeling	
										ii.	analysis	of	procedures	

							
			-		A	major	challenge	in	the	brain	sciences	is	the	
						“problem	of	dynamic	network	analysis.”	
														requires	incorporation	of	neural	dynamics

ML = Statistics \ Computer Science

 224

existing	tools	are	inadequate:		
we	need	new	ideas!



biology	
neurophysiology	
psychology		
neurology	
psychiatry	
radiology	

mathematics	
	physics	

bioengineering	
computer	science	

statistics

The	brain	sciences	include	many	diverse	disciplines
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A Statistician’s View of 
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thank	you!
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				-	based	on	noisy	data	from		
						multiple	signals	within	each	of	many	areas

existing	tools	are	inadequate:	we	need	new	ideas!

Starting	points:	
			Granger	causality,	
			graphical	models,	
			network	methods,	etc.
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Era	of	pragmatism:	emphasizes	doing,	producing,	improving	
Mathematics	exerts	both	enabling	and	countervailing	inOluences	
			enabling:	application	to	contemporary	problems	
			countervailing:	deliberate,	timeless,	eternal

I	hope	you	will	all	agree	with	that	sentiment,	but	it	is	a	sentiment,		
a	statement	as	much	of	feelings	as	of	empirical	judgment.

Not	only	do	we	value	mathematics,	but	we	also		
engage	with	it	emotionally.
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1.2. THE CONTRIBUTION OF STATISTICS 11

Two Fundamental Tenets of the Statistical Paradigm:

1. Statistical models are used to express knowledge and un-
certainty about a signal in the presence of noise, via inductive
reasoning.

2. Statistical methods may be analyzed to determine how well
they are likely to perform.

In the remainder of this section we will elaborate, adding a variety of comments
and clarifications.

1.2.1 Statistical models describe regularity and variability
of data in terms of probability distributions.

When data are collected, repeatedly, under conditions that are as nearly identical as
an investigator can make them, the measured responses nevertheless exhibit varia-
tion. The spike trains generated by the SEF neuron in Example 1.1 were collected
under experimental conditions that were essentially identical; yet, the spike times,
and the number of spikes, varied from trial to trial. The most fundamental principle
of the statistical paradigm, its starting point, is that this variation may be described
by probability. Chapters 3 and 5 are devoted to spelling out the details, so that it
will become clear what we mean when we say that probability describes variation.
But the idea is simple enough: probability describes familiar games of chance, such
as rolling dice, so when we use probability also to describe variation, we are making
an analogy; we do not know all the reasons why one measurement is different than
another, so it is as if the variation in the data were generated by a gambling device.
Let us consider a simple but interesting example.

Example 1.4 Blindsight in patient P.S. Marshall and Halligan (1988) reported
an interesting neuropsychological finding from a patient, identified as P.S. This pa-
tient was a 49 year-old woman who had suffered damage to her right parietal cortex
that reduced her capacity to process visual information coming from the left side
of her visual space. For example, she would frequently read words incorrectly by
omitting left-most letters (“smile” became “mile”) and when asked to copy simple
line drawings, she accurately drew the right-hand side of the figures but omitted the

largely	due	to	Fisher

Fisher	(1922,	Phil.	Trans.	Royal	Soc.	London,	A)	
Fisher	(1925,	Proc.	Camb.	Phil.	Soc.	)	
Fisher	(1924,	1958)	Statistical	Methods	for	Research	Workers		
Fisher	(1956)	Statistical	Methods	and	ScientiTic	Inference
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1.2 The Contribution of Statistics 19

Real World Theoretical World

Data

Conclusions

Statistical Models

Scientific Models

Fig. 1.8 The role of statistical models and methods in scientific inference. Statistical procedures
are abstractly defined in terms of mathematics, but are used, in conjunction with scientific models
and methods, to explain observable phenomena. Adapted from Kass (2011).

“theoretical world” where both scientific and statistical models live. Scientific mod-
els help us organize facts with explanations. They can be high-level or detailed, but
they should not, at least in principle, be confused with the observations themselves.
The theoretical world seeks to make statements and predictions, often using a pre-
cise but abstract mathematical framework, which may be applied to things in the
real world that may be observed. In a domain where theory works well, the theo-
retical world would be judged to be very close to the real world and, therefore, its
predictions would be highly trustworthy. Statistical models are used to describe the
imperfect predictability of phenomena, the regularity and variability of data, in terms
of probability distributions.

A second aspect of the flow diagram in Fig.1.7 may be misleading. The diagram
fails to highlight the way the judgment of adequate fit depends on context. When we
say “All models are wrong, but some are useful,” part of the point is that a model can
be useful for a specified inferential purpose. Thus, in judging adequacy of a model,
one must ask, “How might the reasonably likely departures from this model affect
scientific conclusions?”

We illustrate the way statistical models lead to scientific conclusions in numerous
examples throughout this book.

1.2.6 Statistical theory is used to understand the behavior
of statistical procedures under various probabilistic
assumptions.

The second of the two major components of the statistical paradigm is that methods
may be analyzed to determine how well they are likely to perform. As we describe
briefly in Sections 4.3.4 and 7.3.9, and more fully in Chapters 8 and 11, a series of
general principles and criteria are widely used for this purpose. Statistical theory
has been able to establish good performance of particular methods under certain
probabilistic assumptions. In Chapters 3–6 we provide the necessary background for

Kass	(2011,	Statist.	Sci.)

Statistical	Inference:	the	Big	Picture
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retical world would be judged to be very close to the real world and, therefore, its
predictions would be highly trustworthy. Statistical models are used to describe the
imperfect predictability of phenomena, the regularity and variability of data, in terms
of probability distributions.

A second aspect of the flow diagram in Fig.1.7 may be misleading. The diagram
fails to highlight the way the judgment of adequate fit depends on context. When we
say “All models are wrong, but some are useful,” part of the point is that a model can
be useful for a specified inferential purpose. Thus, in judging adequacy of a model,
one must ask, “How might the reasonably likely departures from this model affect
scientific conclusions?”

We illustrate the way statistical models lead to scientific conclusions in numerous
examples throughout this book.

1.2.6 Statistical theory is used to understand the behavior
of statistical procedures under various probabilistic
assumptions.

The second of the two major components of the statistical paradigm is that methods
may be analyzed to determine how well they are likely to perform. As we describe
briefly in Sections 4.3.4 and 7.3.9, and more fully in Chapters 8 and 11, a series of
general principles and criteria are widely used for this purpose. Statistical theory
has been able to establish good performance of particular methods under certain
probabilistic assumptions. In Chapters 3–6 we provide the necessary background for

Statistical	Inference:	the	Big	Picture

Introductory	statistics	should	emphasize	this		
kind	of	big	picture	behind	statistical	practice.
Kass	(2015,	“The	gap	between	statistics	education	and	
													statistical	practice,”	Amer.	Statist.)
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Statistical	Inference:	the	Big	Picture

replaces	more	common	big	picture:
POPULATION

SAMPLE

Inference

Figure 2: The big picture according to the standard conception. Here, a random
sample is pictured as a sample from a finite population.

“yes” or “no” replies from which a random sample is drawn. We do not need
to struggle to make an analogy with a simple random sample. Furthermore,
any thoughts along these lines may draw attention away from the most im-
portant theoretical assumptions, such as independence among the responses.
Figure 1 is supposed to remind students to look for the important assump-
tions, and ask whether they describe the variation in the data reasonably
well.

One of the reasons the population and sample picture in Figure 2 is
so attractive pedagogically is that it reinforces the fundamental distinction
between parameters and statistics through the terms population mean and
sample mean. To my way of thinking, this terminology, inherited from Fisher,
is unfortunate. Instead of “population mean” I would much prefer theoretical
mean, because it captures better the notion that a theoretical distribution is
being introduced, a notion that is reinforced by Figure 1.

I have found Figure 1 helpful in teaching basic statistics, and I have used
it in conjunction with a discussion of statistical thinking, as articulated in
Brown and Kass (2009). For somewhat more advanced audiences it is possible

9
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As	Fisher	recognized,	much	more	than	pedagogy
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What	does	Statistical	Thinking,		
the	internalizing	of	the	statistical	paradigm,	

	contribute,	not	only	to	science,	but	to	citizenship?
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nothing	could	be	more	important!
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“There	is	something	rather	horrifying	in	the		
ideological	movement	represented	by	the	
doctrine	that	reasoning,	properly	speaking,	
cannot	be	applied	to	empirical	data	to		
lead	to	inferences	valid	in	the	real	world.

Fisher	(1956),	Statistical	Methods	and	ScientiTic	Inference
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“The	intellectual	freedom	that	we	in	the	West	
have	taken	for	granted	is	now	successfully		
denied	over	a	great	part	of	the	earth’s	surface.	
The	validity	of	the	logical	steps	by	which	we	
can	still	dare	to	draw	our	own	conclusions	
cannot	therefore,	in	these	days,	be	too	clearly	
expounded,	or	too	strongly	afOirmed.”

Fisher	(1956),	Statistical	Methods	and	ScientiTic	Inference
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The	quintessential	statistical	attitude
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they should not, at least in principle, be confused with the observations themselves.
The theoretical world seeks to make statements and predictions, often using a pre-
cise but abstract mathematical framework, which may be applied to things in the
real world that may be observed. In a domain where theory works well, the theo-
retical world would be judged to be very close to the real world and, therefore, its
predictions would be highly trustworthy. Statistical models are used to describe the
imperfect predictability of phenomena, the regularity and variability of data, in terms
of probability distributions.

A second aspect of the flow diagram in Fig.1.7 may be misleading. The diagram
fails to highlight the way the judgment of adequate fit depends on context. When we
say “All models are wrong, but some are useful,” part of the point is that a model can
be useful for a specified inferential purpose. Thus, in judging adequacy of a model,
one must ask, “How might the reasonably likely departures from this model affect
scientific conclusions?”

We illustrate the way statistical models lead to scientific conclusions in numerous
examples throughout this book.

1.2.6 Statistical theory is used to understand the behavior
of statistical procedures under various probabilistic
assumptions.

The second of the two major components of the statistical paradigm is that methods
may be analyzed to determine how well they are likely to perform. As we describe
briefly in Sections 4.3.4 and 7.3.9, and more fully in Chapters 8 and 11, a series of
general principles and criteria are widely used for this purpose. Statistical theory
has been able to establish good performance of particular methods under certain
probabilistic assumptions. In Chapters 3–6 we provide the necessary background for

“all	models	are	wrong,	
but	some	are	useful”

Box	(1979)	

Brown	and	Kass	(2009)	
Kass	(2011)	
Kass,	Eden,	Brown	(2014)

What	does	Statistical	Thinking,		
the	internalizing	of	the	statistical	paradigm,	

	contribute,	not	only	to	science,	but	to	citizenship?
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What	does	Statistical	Thinking	contribute,	
not	only	to	science,	but	to	citizenship?

encourages	humility	
			in	recognizing	that	variation	creates	uncertainty	
supports	appreciation	of	theoretical	principles		
			for	turning	information	into	knowledge	and	action	
fosters	pragmatism	
			through	understanding	that	while	these	principles	apply	to					
			the	real	world	imperfectly,	they	can	lead	to	great	progress
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General	Thoughts

1.	Followed	statistical	literature,	statistical	principles

—>	use	exponential	family	on	multidimensional	torus!
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1.	Followed	statistical	literature,	statistical	principles
2.	Why	“statistics”	as	opposed	to	“machine	learning”?
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3.	Circuitous	path,	narrative	developed	late
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General	Thoughts

3.	Circuitous	path,	narrative	developed	late

1.	Followed	statistical	literature,	statistical	principles
2.	Why	“statistics”	as	opposed	to	“machine	learning”?

—>	use	exponential	family	on	
multidimensional	torus	

not	the	way	we	started!
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Fig 3. (A) Depiction of recording sites in ventrolateral prefrontal cortex (PFC) and hip-
pocampus. (B) Preprocessing to obtain phase angles: local field potential (LFP) signals are
filtered to extract phase angles from 16Hz oscillations at a time point of interest (two sig-
nals are shown for a single trial; repeated observations of phase angles are collected across
repeated trials).

3. Torus graph parameter interpretation and submodels. We
reparameterize the torus graph density to enable simpler interpretation and
to discuss submodels formed by restricting the set of su�cient statistics.
This parameterization di↵ers from that given in Mardia and Patrangenaru
(2005) and allows previous work to be understood and compared within a
general framework.

Proposition 2. The pairwise interaction terms in Eq 2.2 may be rewrit-
ten (using trigonometric sum identities) in terms of su�cient statistics
S = {Si,Sij} and parameters � = {�i,�ij}, where � includes all marginal
parameters �i and all pairwise parameters �ij :
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Sij ⌘ [cos(xi � xj), sin(xi � xj), cos(xi + xj), sin(xi + xj)]
T .

We will later refer to elements of the pairwise coupling parameters �ij

as �ij ⌘ [↵ij , �ij , �ij , �ij ]T . Notice that because ⇠ij = 0 if and only if
�ij = 0, Theorem 2.1 implies that the random variables Xi and Xj are
conditionally independent if and only if �ij = 0, so this parameterization
also directly corresponds to conditional independence relationships between
nodes.

TORUS GRAPHS 5

tivity structures between prefrontal cortex and hippocampal subregions.

2. Torus graph model. Let X 2 [0, 2⇡]d be a d-dimensional circular
random variable with elements Xi (e.g. for phase coupling, X would rep-
resent a vector of phase angle values for a single time point from each of
d signals, with repeated trials providing multiple observations; see Fig 3).
Alternatively, we may represent Xi in rectangular coordinates as the unit
vector ui ⌘ [cosXi, sinXi]T .

Under the torus graph model, X has the following density on the d-
dimensional torus:
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where  gives the marginal concentration of each angle around marginal
mean directions µ and Aij are 2-by-2 pairwise coupling matrices (so each
pairwise relationship involves four coupling parameters). Note that for this
family of models, the normalization constant is intractable, though numeri-
cal approximations may be used in the bivariate case (Kurz and Hanebeck,
2015).

Proposition 1. Let X 2 [0, 2⇡]d follow a torus graph density. The
torus graph is an exponential family distribution with su�cient statistics
T = {Ti,Tij} and parameters ⇠ = {⇠i, ⇠ij} where ⇠ contains all marginal
parameters ⇠i and pairwise parameters ⇠ij , such that the density may be
written
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The parameterization in Proposition 1 follows directly from Eq 2.1 and
satisfies the definition of a canonical form full exponential family distribu-
tion.

versus

TORUS GRAPHS 5

tivity structures between prefrontal cortex and hippocampal subregions.

2. Torus graph model. Let X 2 [0, 2⇡]d be a d-dimensional circular
random variable with elements Xi (e.g. for phase coupling, X would rep-
resent a vector of phase angle values for a single time point from each of
d signals, with repeated trials providing multiple observations; see Fig 3).
Alternatively, we may represent Xi in rectangular coordinates as the unit
vector ui ⌘ [cosXi, sinXi]T .

Under the torus graph model, X has the following density on the d-
dimensional torus:

p(x) / exp

8
<

:

dX

i=1

i cos(xi � µi) +
X

i<j


cosxi
sinxi

�T
Aij


cosxj
sinxj

�9=

;(2.1)

where  gives the marginal concentration of each angle around marginal
mean directions µ and Aij are 2-by-2 pairwise coupling matrices (so each
pairwise relationship involves four coupling parameters). Note that for this
family of models, the normalization constant is intractable, though numeri-
cal approximations may be used in the bivariate case (Kurz and Hanebeck,
2015).

Proposition 1. Let X 2 [0, 2⇡]d follow a torus graph density. The
torus graph is an exponential family distribution with su�cient statistics
T = {Ti,Tij} and parameters ⇠ = {⇠i, ⇠ij} where ⇠ contains all marginal
parameters ⇠i and pairwise parameters ⇠ij , such that the density may be
written

p (x; ⇠) / exp

8
<

:

dX

i=1

⇠i
TTi(xi) +

X

i<j

⇠ij
TTij(xi, xj)

9
=

;(2.2)

where

Ti = [cosxi, sinxi]
T ,

Tij = [cosxi cosxj , cosxi sinxj , sinxi cosxj , sinxi sinxj ]
T ,

⇠i = [i cosµi, i sinµi]
T , ⇠ij =

h
Aij

11, Aij
12, Aij

21, Aij
22

iT
.

The parameterization in Proposition 1 follows directly from Eq 2.1 and
satisfies the definition of a canonical form full exponential family distribu-
tion.

 258



General	Thoughts

3.	Circuitous	path,	narrative	developed	late

1.	Followed	statistical	literature,	statistical	principles
2.	Why	“statistics”	as	opposed	to	“machine	learning”?

—>	importance	of	narrative	

																how	do	we	understand	this?
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spike	train

modeled	as	a	point	process
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sending	neuronreceiving	neuron

neurons	receive	inputs	across	synapses
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sending	neuronreceiving	neuron

neurons	receive	inputs	across	synapses

				excitatory	inputs	increase	voltage	
				inhibitory	inputs	decrease	voltage
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each neuron is connected to many others through synapses, with the totality forming a

large network. We discuss both mechanistic models formulated with di↵erential equations

and statistical models for data analysis, which use probability to describe variation. Mecha-

nistic and statistical approaches are complementary, but their starting points are di↵erent,

and their models have tended to incorporate di↵erent details. Mechanistic models aim to

explain the dynamic evolution of neural activity based on hypotheses about the properties

governing the dynamics. Statistical models aim to assess major drivers of neural activity by

taking account of indeterminate sources of variability labeled as noise. These approaches

have evolved separately, but are now being drawn together. For example, neurons can

be either excitatory, causing depolarizing responses at downstream (post-synaptic) neurons

(i.e., responses that push the voltage toward the firing threshold, as illustrated in Figure 1),

or inhibitory, causing hyperpolarizing post-synaptic responses (that push the voltage away

from threshold). This detail has been crucial for mechanistic models but, until relatively

recently, has been largely ignored in statistical models. On the other hand, during experi-

ments, neural activity changes while an animal reacts to a stimulus or produces a behavior.

This kind of non-stationarity has been seen as a fundamental challenge in the statistical

work we review here, while mechanistic approaches have tended to emphasize emergent

behavior of the system. In current research, as the two perspectives are being combined

increasingly often, the distinction has become blurred. Our purpose in this review is to

provide a succinct summary of key ideas in both approaches, together with pointers to the

literature, while emphasizing their scientific interactions. We introduce the subject with

some historical background, and in subsequent sections describe mechanistic and statistical

models of the activity of individual neurons and networks of neurons. We also highlight

several domains where the two approaches have had fruitful interaction.

Figure 1

Action potential and spike trains. The left panel shows the voltage drop recorded across a
neuron’s cell membrane. The voltage fluctuates stochastically, but tends to drift upward, and
when it rises to a threshold level (dashed line) the neuron fires an action potential, after which it
returns to a resting state; the neuron then responds to inputs that will again make its voltage
drift upward toward the threshold. This is often modeled as drifting Brownian motion that results
from excitatory and inhibitory Poisson process inputs (Tuckwell 1988; Gerstein and Mandelbrot
1964). The right panel shows spike trains recorded from 4 neurons repeatedly across 3
experimental trials. The spike times are irregular within trials, and there is substantial variation
across trials, and across neurons.

4 Kass et al.

action	potential	(spike)

<—	Oiring	thresholdexcitatory	inputs	drive	
voltage	toward	threshold
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4 Kass et al.

action	potential	(spike)

<—	Oiring	thresholdexcitatory	inputs	drive	
voltage	toward	threshold

sub-threshold	voltage		
often	modeled	as	random	walk
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4 Kass et al.

action	potential	(spike)

<—	Oiring	thresholdexcitatory	inputs	drive	
voltage	toward	threshold

sub-threshold	voltage		
theoretical	purposes:	Brownian	motion	with	drift

See		KEB	for	references
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excitatory	inputs	
inhibitory	inputs

from	Spencer	Koerner
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including		

output	spikes
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Oigure	from	Johns	Hopkins	Medicine	Health	Library
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2.1 Describing Central Tendency and Variation 27

Fig. 2.2 EEG spectrograms for a subject in various stages of general anesthesia. In each of four
stages an EEG voltage tracing is shown, and below it a spectrogram. The EEG tracings are for
the P4 (right parietal) lead in an array of 16 leads (it is taken with O2 as reference lead). The
spectrogram decomposes the voltage signal into frequency components across successive time
bins. Red indicates high magnitudes, yellow medium magnitudes, and blue low magnitudes. Each
displayed trace corresponds to several successive time bins in the spectrogram, as indicated by the
black lines. Two prominent features are the alpha rhythm, at roughly 10 Hz, and the slower delta
rhythm, below 4 Hz. Both sets of oscillations are visible in the EEG tracings, and their temporal
presence or absence is indicated in the spectrogram. During the awake phase the alpha rhythm
is absent when the eyes are open and present when the eyes are closed; the delta rhythm is also
present, but only weakly. During surgery the delta rhythm is very strong, and the alpha rhythm is
also stronger than in the awake phase.

Example 2.2 EEG spectrogram under general anesthesia When patients undergo
general anesthesia for certain surgical procedures EEGs are recorded to monitor
brain activity. These recordings provide a comparison of various states of uncon-
sciousness. A set of EEG traces for a patient during carotid endarterectomy surgery
at the Massachusetts General Hospital is displayed in Fig. 2.2. The figure shows
EEGs and spectrograms during an initial awake phase, a general anesthesia induc-
tion phase, the surgical phase, and the recovery phase. Spectrograms are made by
taking the signal within successive time bins (here, 1 s bins) and using Fourier analy-
sis to decompose the signal into oscillatory components at varying frequencies. On
the x-axis is time and on the y-axis is the frequency. The plotted spectrogram is the
resulting power (a measure of the strength of a particular frequency component of the

raw	
signal

spectrogram

EEG	during	anesthesia,	with	spectrogram:		
power	as	function	of	time	and	frequency

from	KEB
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EEGs and spectrograms during an initial awake phase, a general anesthesia induc-
tion phase, the surgical phase, and the recovery phase. Spectrograms are made by
taking the signal within successive time bins (here, 1 s bins) and using Fourier analy-
sis to decompose the signal into oscillatory components at varying frequencies. On
the x-axis is time and on the y-axis is the frequency. The plotted spectrogram is the
resulting power (a measure of the strength of a particular frequency component of the

raw	
signal

spectrogram

EEG	during	anesthesia,	with	spectrogram:		
power	as	function	of	time	and	frequency

high	power		
in	red

“slow wave”
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2.1 Describing Central Tendency and Variation 27

Fig. 2.2 EEG spectrograms for a subject in various stages of general anesthesia. In each of four
stages an EEG voltage tracing is shown, and below it a spectrogram. The EEG tracings are for
the P4 (right parietal) lead in an array of 16 leads (it is taken with O2 as reference lead). The
spectrogram decomposes the voltage signal into frequency components across successive time
bins. Red indicates high magnitudes, yellow medium magnitudes, and blue low magnitudes. Each
displayed trace corresponds to several successive time bins in the spectrogram, as indicated by the
black lines. Two prominent features are the alpha rhythm, at roughly 10 Hz, and the slower delta
rhythm, below 4 Hz. Both sets of oscillations are visible in the EEG tracings, and their temporal
presence or absence is indicated in the spectrogram. During the awake phase the alpha rhythm
is absent when the eyes are open and present when the eyes are closed; the delta rhythm is also
present, but only weakly. During surgery the delta rhythm is very strong, and the alpha rhythm is
also stronger than in the awake phase.

Example 2.2 EEG spectrogram under general anesthesia When patients undergo
general anesthesia for certain surgical procedures EEGs are recorded to monitor
brain activity. These recordings provide a comparison of various states of uncon-
sciousness. A set of EEG traces for a patient during carotid endarterectomy surgery
at the Massachusetts General Hospital is displayed in Fig. 2.2. The figure shows
EEGs and spectrograms during an initial awake phase, a general anesthesia induc-
tion phase, the surgical phase, and the recovery phase. Spectrograms are made by
taking the signal within successive time bins (here, 1 s bins) and using Fourier analy-
sis to decompose the signal into oscillatory components at varying frequencies. On
the x-axis is time and on the y-axis is the frequency. The plotted spectrogram is the
resulting power (a measure of the strength of a particular frequency component of the
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⇠ 10 Hz

 277



oscillations	in	brain	observed	under	various	conditions
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oscillations	in	brain	observed	under	various	conditions

What	is	the	computational	purpose	of	oscillations?
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communication	across	brain	areas	via	oscillatory	activity	
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What’s	special	about	normal	(Gaussian)	distributions?

Maximum	entropy	distribution	on	real	line
subject to constraints:
mean = µ and variance = �2

as	“disordered”	as	possible

 281



What’s	special	about	normal	(Gaussian)	distributions?

as	“disordered”	as	possible
maximum entropy distribution on x1, x2, . . . , xn

equal probabilities 1
n
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What’s	special	about	normal	(Gaussian)	distributions?

as	“disordered”	as	possible

maximum entropy distribution on (0, 1)
uniform distribution
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What’s	special	about	normal	(Gaussian)	distributions?

as	“disordered”	as	possible
no uniform distribution on real line
because integral of constant is 1
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What’s	special	about	normal	(Gaussian)	distributions?

Maximum	entropy	distribution	on	real	line
subject to constraints:
mean = µ and variance = �2

as	“disordered”	as	possible
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Positive	Association	
amplitude,	phase

 286



positive	and	negative	association	are	distinct
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Novel	analysis	methods	devised	mainly	by	physicists.

Figure 4

The Hodgkin-Huxley model provides a mathematical description of a neuron’s voltage dynamics
in terms of changes in sodium (Na+) and potassium (K+) ion concentrations. The cartoon in (a)
illustrates a cell body with membrane channels through which (Na+) and (K+) may pass. The
model consists of four coupled nonlinear di↵erential equations (b) that describe the voltage
dynamics (V ), which vary according to an input current (I), a potassium current, a sodium
current, and a leak current. The conductances of the potassium (n) and sodium currents (m,h)
vary in time, which controls the flow of sodium and potassium ions through the neural membrane.
Each channel’s dynamics depends on (c) a steady state function and a time constant. The steady
state functions range from 0 to 1, where 0 indicates that the channel is closed (so that ions cannot
pass), and 1 indicates that the channel is open (ions can pass). One might visualize these channels
as gates that swing open and closed, allowing ions to pass or impeding their flow; these gates are
indicated in green and red in the cartoon (a). The steady state functions depend on the voltage;
the vertical dashed line indicates the typical resting voltage value of a neuron. The time constants
are less than 10 ms, and smallest for one component of the sodium channel (the sodium activation
gate m). (d) During an action potential, the voltage undergoes a rapid depolarization (V
increases) and then less rapid hyperpolarization (V decreases), supported by the opening and
closing of the membrane channels.

processing (PDP). PDP models are multi-layered networks of nodes resembling those of

their perceptron precursor, but they are interactive, or recurrent, in the sense that they are

not necessarily feed-forward: connections between nodes can go in both directions, and they

may have structured inhibition and excitation (Rumelhart et al. 1986). In addition, training

www.annualreviews.org • Computational Neuroscience 9

from	Kass	and	24	others	(2018,	Ann.	Rev.	Statist.)
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Novel	analysis	methods	devised	mainly	by	physicists.

Figure 4

The Hodgkin-Huxley model provides a mathematical description of a neuron’s voltage dynamics
in terms of changes in sodium (Na+) and potassium (K+) ion concentrations. The cartoon in (a)
illustrates a cell body with membrane channels through which (Na+) and (K+) may pass. The
model consists of four coupled nonlinear di↵erential equations (b) that describe the voltage
dynamics (V ), which vary according to an input current (I), a potassium current, a sodium
current, and a leak current. The conductances of the potassium (n) and sodium currents (m,h)
vary in time, which controls the flow of sodium and potassium ions through the neural membrane.
Each channel’s dynamics depends on (c) a steady state function and a time constant. The steady
state functions range from 0 to 1, where 0 indicates that the channel is closed (so that ions cannot
pass), and 1 indicates that the channel is open (ions can pass). One might visualize these channels
as gates that swing open and closed, allowing ions to pass or impeding their flow; these gates are
indicated in green and red in the cartoon (a). The steady state functions depend on the voltage;
the vertical dashed line indicates the typical resting voltage value of a neuron. The time constants
are less than 10 ms, and smallest for one component of the sodium channel (the sodium activation
gate m). (d) During an action potential, the voltage undergoes a rapid depolarization (V
increases) and then less rapid hyperpolarization (V decreases), supported by the opening and
closing of the membrane channels.

processing (PDP). PDP models are multi-layered networks of nodes resembling those of

their perceptron precursor, but they are interactive, or recurrent, in the sense that they are

not necessarily feed-forward: connections between nodes can go in both directions, and they

may have structured inhibition and excitation (Rumelhart et al. 1986). In addition, training

www.annualreviews.org • Computational Neuroscience 9

from	Kass	and	24	others	(2018,	Ann.	Rev.	Statist.)

In	principle,	that’s	Oine,	many	physicists	are		
statistically	savvy	data	analysts	(statisticians).	
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Figure 4

The Hodgkin-Huxley model provides a mathematical description of a neuron’s voltage dynamics
in terms of changes in sodium (Na+) and potassium (K+) ion concentrations. The cartoon in (a)
illustrates a cell body with membrane channels through which (Na+) and (K+) may pass. The
model consists of four coupled nonlinear di↵erential equations (b) that describe the voltage
dynamics (V ), which vary according to an input current (I), a potassium current, a sodium
current, and a leak current. The conductances of the potassium (n) and sodium currents (m,h)
vary in time, which controls the flow of sodium and potassium ions through the neural membrane.
Each channel’s dynamics depends on (c) a steady state function and a time constant. The steady
state functions range from 0 to 1, where 0 indicates that the channel is closed (so that ions cannot
pass), and 1 indicates that the channel is open (ions can pass). One might visualize these channels
as gates that swing open and closed, allowing ions to pass or impeding their flow; these gates are
indicated in green and red in the cartoon (a). The steady state functions depend on the voltage;
the vertical dashed line indicates the typical resting voltage value of a neuron. The time constants
are less than 10 ms, and smallest for one component of the sodium channel (the sodium activation
gate m). (d) During an action potential, the voltage undergoes a rapid depolarization (V
increases) and then less rapid hyperpolarization (V decreases), supported by the opening and
closing of the membrane channels.

processing (PDP). PDP models are multi-layered networks of nodes resembling those of

their perceptron precursor, but they are interactive, or recurrent, in the sense that they are

not necessarily feed-forward: connections between nodes can go in both directions, and they

may have structured inhibition and excitation (Rumelhart et al. 1986). In addition, training

www.annualreviews.org • Computational Neuroscience 9

from	Kass	and	24	others	(2018,	Ann.	Rev.	Statist.)

In	principle,	that’s	Oine,	many	physicists	are		
statistically	savvy	data	analysts	(statisticians).	

But	many	are	not.
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P (spike in (t, t+ �)) ⇡ �(t) · �

Poisson	process

intensity	does	not	depend	on	previous	spike	times	
“memoryless”	
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discrete

continuous

0 0 1 1 0 0 0 0 1 0 0 1 0 0 0

point process

binary time series

P (spike in (t, t+ �)) ⇡ �(t) · �
Poisson	process

because P (spike in (t, t+ �)) very small

Poisson regression ⇡ logistic regression
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By	brainmaps.org,	CC	BY	3.0,	https://
commons.wikimedia.org/w/index.php?

curid=3907696

recordings	
here
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Original	Image Post-Processed	Image

from	Pengcheng	Zhou	
working	with	Liam	Paninski

+	optimization	methods
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graph

edges	indicate	
coupled	activity
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